Constructions of Optimal and Near-Optimal Quasi-Complementary Sequence
  Sets from an Almost Difference Set by Li, Yu et al.
ar
X
iv
:1
70
7.
04
85
9v
1 
 [c
s.I
T]
  1
6 J
ul 
20
17
Noname manuscript No.
(will be inserted by the editor)
Constructions of Optimal and Near-Optimal
Quasi-Complementary Sequence Sets from an
Almost Difference Set
Yu Li · Tongjiang Yan · Chuan Lv
Received: date / Accepted: date
Abstract Compared with the perfect complementary sequence sets, quasi-
complementary sequence sets (QCSSs) can support more users to work in
multicarrier CDMA communications. A near-optimal periodic QCSS is con-
structed in this paper by using an optimal quaternary sequence set and an al-
most difference set. With the change of the values of parameters in the almost
difference set, the near-optimal QCSS can become asymptotically optimal and
the number of users supported by the subcarrier channels in CDMA system
has an exponential growth.
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1 Introduction
A two-dimensional matrix is called a perfect complementary sequence (PCS)
if the summation of its auto-correlations of the row sequences is to zero for
all non-zero time-shifts. In 1961, Golay first proposed a pair of sequences for
the aperiodic PCS [11], then Tseng and Liu generalized it to more than two
sequences, Bo¨mer and Lu¨ke proposed the periodic PCS and odd-periodic PCS,
respectively [3,6,10]. A perfect complementary sequence set (PCSS) is a set of
mutually orthogonal complementary sequences, whose cross-correlations sum
to zero [2,12]. Nowadays the PCSS has sought an important application in
multicarrier code-division multiple-access (MC-CDMA) communication [7,8].
However the small set size of PCSS has a remarkable limitation for the number
of users in CDMA communication. This is for each PCSS, the number of sub-
carrier channels, denoted by M , is an upper bound of the number of CDMA
users that can be supported, denoted by K, i.e., K ≤M . This limitation can
be overcome by allowing the periodic tolerance (or the maximum periodic cor-
relation magnitude) to take low non-zero values, so the quasi-complementary
sequence set (QCSS) is proposed in [5,18,19].
In [20], the author proposed two optimal and near-optimal periodic QCSSs
by using the singer difference set and existing optimal quaternary sequence
sets established by Sol, Boztas et al, and Udayia et al [13,14,15], which can
support more CDMA users, i.e., K ≥ 2M . In this paper, we will propose
a near-optimal QCSS by using existing optimal quaternary sequence set and
an almost difference set derived from the singer difference set [4,9,17]. Note
that the parameters of the QCSS proposed by the singer difference set are
extremely fixed [20]. Once there are some slight changes for the parameters, the
optimal/near-optimal properties will disappear. However, in this paper, with
the reasonable changes of the values of parameters in the almost difference
set, the near-optimal QCSS proposed by the almost difference set will become
asymptotically optimal and the number of CDMA users that can be supported
by proposed QCSS will have an exponential growth.
The rest of this paper is organized as follows. In Section 2, we introduce
some necessary notations and well-known results. In Section 3, we present the
framework for the construction of the optimal QCSS, following by the proposed
constructions for the near-optimal periodic QCSS. By analysing numerical
results of the correlation lower bound, the periodic asymptotically optimal
QCSS is constructed. And we will summarize and give some remarks about
our results in Section 4.
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2 Preliminaries
Given two complex-valued sequences a = {at} and b = {bt} of length N , the
periodic correlation function of a and b is defined as
R(a, b; τ) =
N−1∑
t=0
atb
∗
t+τ , 0 ≤ τ ≤ N − 1, (1)
where the addition t + τ is performed modulo N , b∗t+τ denotes the Hermite
transposition of bt+τ . If a 6= b, R(a, b; τ) is called the periodic cross-correlation
function (PCCF), otherwise, it is called the periodic auto-correlation function
(PACF). For simplicity, the PACF of a can be sometimes written as R(a; τ).
2.1 Periodic Quasi-Complementary Sequence Set.
Let a set C = {C0, C1, · · · , CK−1} contain K two-dimensional matrices, each
of size M ×N , i.e.,
Ck =


Ck0
Ck1
...
CkM−1


M×N
, for 0 ≤ k ≤ K − 1. (2)
The periodic correlation function of C, which is in the form of the correlation
sum, is defined as
R(Ck1 , Ck2 ; τ) =
M−1∑
m=0
R(Ck1m , C
k2
m ; τ), (3)
where 0 ≤ k1, k2 ≤ K − 1.
Definition 1 [20]The periodic auto-correlation tolerance δa and the periodic
cross-correlation tolerance δc are defined as
δa = max{|R(Ck; τ)| : 0 < |τ | ≤ N − 1},
δc = max{|R(Ck1 , Ck2 ; τ)| : k1 6= k2, 0 ≤ |τ | ≤ N − 1},
respectively. Moreover, the periodic tolerance (or the maximum periodic cor-
relation magnitude) δmax of C is defined as
δmax = max{δa, δc}. (4)
Obviously, δmax ≥ 0.
Definition 2 If the periodic tolerance δmax > 0 in Eq.(4), the set C is called a
(K,M,N) periodic quasi-complementary sequence set, denoted by (K,M,N)-
QCSS, whereK denotes the size of the set C, andM andN denote the number
of rows and lines of each element matrix in the set C, respectively.
4 Yu Li et al.
Lemma 1 [20](Correlation lower bound for a periodic QCSS) For a polyphase
periodic (K,M,N)-QCSS, we have
δ2max ≥M2N2
K/M − 1
KN − 1 . (5)
Remark 1 If M = 1, the element Ck(0 ≤ k ≤ K − 1) of the set C will reduce
to a conventional sequence. For ease of presentation, in this case, the periodic
tolerance δmax is denoted by αmax, then its lower bound is shown below
α2max ≥ N2
K − 1
KN − 1 . (6)
In a multicarrier CDMA system with M subcarrier channels and N chip
slots, the QCSS with parameters K,M and N is able to support K users to
communicate. More specifically, each data signal of a specific user is spread
by a complementary matrix in frequency and time domains, i.e., each row
sequence of the element of the QCSS is sent out over one of the M subcarrier
channels and all the row sequences are simultaneously sent out over N chip
slots. For more detail, the reader is referred to [7] and [8].
2.2 Almost Difference Set (ADS)
Let (A,+) be an Abelian group of order P . Let D be a M -subset of A. The
set D is an (P,M, λ, t) almost difference set of A, denoted by ADS, if the
difference function dD(x) takes on λ altogether t times and λ + 1 altogether
P − 1− t times when x ranges over all the nonzero elements of A; if t = P − 1,
the set D is called a (P,M, λ) difference set of A, denoted by DS, where the
difference function dD(x) is defined by
dD(x) = |(D + x) ∩D|.
If there exits an (P,M, λ, t) almost difference set, we have
M(M − 1) = tλ+ (P − 1− t)(λ+ 1).
Lemma 2 [17] Let W be any (f, f−12 ,
f−3
4 ) or (f,
f+1
2 ,
f+1
4 ) difference set of
Zf , where f ≡ 3(mod4). Define a subset of Z4f by
U = [(f + 1)W mod 4f ] ∪ [(f + 1)(W − δ)∗ + 3f mod 4f ] ∪
[(f + 1)W ∗ + 2l mod 4f ] ∪ [(f + 1)(W − δ)∗ + 3f mod 4f ],
where W ∗ and (W − δ)∗ denote the complements of W and W − δ in Zf ,
respectively. Thus U is an (4f, 2f − 1, f − 2, f − 1) or (4f, 2f + 1, f, f − 1)
almost difference set of Z4f .
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2.3 Optimal Quaternary Family A
In this part, an optimal quaternary sequence set, Family A, is given a brief
review. In 1988, the optimal quaternary Family A was originally discovered by
P.Sole´, which comprises of 2n+1 Z4 sequences of period 2
n−1 [13]. Let f(x) =
xn + an−1x
n−1 + · · ·+ a1x+ a0 be a primitive basic irreducible polynomial of
degree n and divide x2
n
−1−1 in Z4[x], whose modulo 2 projections are primitive
irreducible polynomials in Z2[x]. Consider the nth-order linear recurrence over
Z4 having characteristic polynomial f(x) as follows
s(t) + an−1s(t− 1)− an−2s(t− 2) + · · ·+ a0s(t− n) = 0. (7)
Let S(f) denote the set of all sequences over Z4 satisfying E.q(7), and S
+(f) is
the set of all nonzero solutions. Family A then defined to be the family S+(f)
provided f(x) in Z4 [15]. For more information, the readers are referred to [14,
16,1]. We present the following correlation properties of Family A.
Lemma 3 [20]The Family A = {l0, l1, · · · , l2n} consists of 2n + 1 sequences,
each of which has a length of 2n − 1. In particular, l0 is a binary m-sequence
which has non-trivial auto-correlation values of −1. The periodic tolerance of
the Family A is
αmax = 1 + 2
n/2. (8)
The subset L = {l1, l2, · · · , l2n} of A has the following property
R(lk1 , lk2 ; 0) = −1, (9)
where 1 ≤ k1 6= k2 ≤ 2n.
3 Proposed Construction for Optimal and Near-Optimal QCSS
In this section, we firstly propose a framework of the QCSS based on a sequence
set and an integer set by a linear mapping, meanwhile, the periodic tolerance
and the tightness factor of the QCSS are considered. Then we construct the
optimal and near-optimal QCSSs by applying an optimal quaternary sequence
set, Family A, and an almost difference set to this framework, and analyze
their asymptotic properties.
3.1 Framework for the Construction of QCSS
For any length-N complex-valued sequence a, define the following mapping as
the linear phase transform of a, i.e.,
ϕ(a, d) = (a0ξ
0d
q , a1ξ
1d
q , · · · , aN−1ξ(N−1)dq )),
where d and q are integers, and ξq = exp{2pi
√−1/q}.
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Lemma 4 [20]For two length-N complex-valued sequences a and b, we have
R(ϕ(a, d), ϕ(b, d); τ) = ξ−τdq R(a, b; τ). (10)
Suppose there exists a sequence set v = (v0, v1, · · · , vK−1) with the periodic
tolerance αmax, which has K length-N sequences, and an integer set D =
{d0, d1, · · · , dM−1}, then we can construct a QCSS
C = {C0, C1, · · · , CK−1}, (11)
where
Ck =


ϕq(vk, d0)
ϕq(vk, d1)
...
ϕq(vk, dM−1)


M×N
, for 0 ≤ k ≤ K − 1.
Based on Eq.(10), for 0 ≤ k1, k2 ≤ K − 1,
|R(Ck1 , Ck2 ; τ)|
= |R(vk1 , vk2 ; τ)
M−1∑
m=0
ξ−τdmq |. (12)
Next, we continue the discussion into two cases:
1) For τ 6≡ 0(mod q), let
max|R(Ck1 , Ck2 ; τ)|
= αmax|
M−1∑
m=0
ξ−τdmq |
= R1. (13)
2) For non-trivial τ ≡ 0(mod q), let
max|R(Ck1 , Ck2 ; τ)|
= M |
M−1∑
m=0
ξ−τdmq |
= R2. (14)
To analyze the tightness of Eq.(5), define the tightness factor ρ as
ρ =
δmax
MN
√
K/M−1
KN−1
, (15)
which is a measure of closeness between the periodic tolerance and the periodic
correlation lower bound in Lemma 1.
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Remark 2 In general, ρ ≥ 1. If ρ = 1, the proposed C is said to be optimal; if
ρ is a small number, i.e., 1 < ρ ≤ 2, the proposed C is said to be near-optimal.
Lemma 5 Let set D = {d0, d1, · · · , dM−1} be an (q,M, λ, t) almost difference
set in Zq. Then
|
M−1∑
m=0
ξ−τdmq | <
√
M + q − λ− 1,
where τ is an integer.
Proof . Define a FFT as follows,
f(τ) : =
1
M
|
M−1∑
m=0
ξτdmq |, (16)
and
x[τ ] : = M2(f2τ −
q −M
(q − 1)M ) =
M(M − 1)
q − 1 +
q−1∑
l=1
alξ
τl
q ,
a0 : =
M(M − 1)
q − 1 ,
where the al denotes the number of occurrences of l, l = 1, 2, · · · , q − 1, and
we have x[τ ] =
q−1∑
l=0
alξ
τl
q . According to the property of FFT,
q−1∑
l=0
ξτlq =
q−1∑
l=0
e2piτl/q
=
q−1∑
l=0
cos
2piτl
q
+ i
q−1∑
l=0
sin
2piτl
q
= 0.
This is equivalent to
cos 0 + i sin 0 +
q−1∑
l=1
cos
2pi · τl
q
+ i
q−1∑
l=1
sin
2piτl
q
= 0.
Thus,
q−1∑
l=1
cos
2piτl
q
= −1,
q−1∑
l=1
sin
2piτl
q
= 0.
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With the definition of ADS,
alh = λ, h = 1, 2, · · · , t
alj = λ+ 1, j = 1, 2, · · · , q − 1− t.
Hence,
x[τ ] = a0 + λ
t∑
h=1
cos
2piτlh
q
+ iλ
t∑
h=1
sin
2piτlh
q
+(λ+ 1)
q−1−t∑
j=1
cos
2piτlj
q
+ i(λ+ 1)
q−1−t∑
j=1
sin
2piτlj
q
= a0 + λ
q−1∑
l=1
cos
2piτl
q
+
q−1−t∑
j=1
cos
2piτlj
q
+ i
q−1−t∑
j=1
sin
2piτlj
q
= a0 − λ+
q−1−t∑
j=1
cos
2piτlj
q
.
Because of | cos θ| ≤ 1, ∀θ ∈ R, then
a0 − λ− (q − 1− t) ≤ x[τ ] ≤ a0 − λ+ (q − 1− t). (17)
In general, the bounds in Eq.(17) is not obtained, i.e.,
a0 − λ− (q − 1− t) < x[τ ] < a0 − λ+ (q − 1− t).
Let ∆ = Mfτ , then
x[τ ] = ∆2 − M(q −M)
q − 1 ,
thus,
∆2 = x[τ ] +
M(q −M)
q − 1
and
∆max ≤
√
a0 − λ+ q − 1− t+ M(q −M)
q − 1
=
√
q +M − λ− t− 1. (18)
Obviously, the bound in Eq.(18) is not obtained.
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3.2 Proposed Near-Optimal QCSS C0 from the Almost Difference Set and the
Family A
Theorem 1 For an (q,M, λ, t)-ADS and the subset L = {l1, l2, · · · , l2n} of
Family A, a near-optimal (K,M,N)-QCSS C0 can be constructed, where K =
2n, M = 2n−1 − 3, N = 2n − 1, n > 2.
Proof . Considering L = {l1, l2, · · · , l2n}, which is the subset of Family A,
based on Lemma 3, we have
N = 2n − 1, K = 2n, αmax = 1 + 2n/2. (19)
For f = 2n−2 − 1, based on Lemma 2, we have
q = 2n − 4, M = 2n−1 − 3, n ≥ 3, (20)
and there exists an (2n − 4, 2n−1 − 3, 2n−2 − 3, 2n−2 − 2)-ADS.
1)For τ 6≡ 0 (mod 2n − 4), by Eq.(13),
R1 = max|R(Ck1 , Ck2 ; τ)|
= αmaxmax|
M−1∑
m=0
ξ−τdmq |
= αmax∆max
≤ (1 + 2n/2)
√
q + 1
= (1 + 2n/2)
√
2n − 3 (21)
2)For non-trivial τ ≡ 0 (mod 2n − 4), by Eq.(14),
R2 = max|R(Ck1 , Ck2 ; 0)|
= M
= 2n−1 − 3. (22)
Note that R1 > R2. Substituting the values of R1,K,M,N into Eq.(15), the
value of ρ can be gained as follows,
ρ ≤
{√
2, if n is odd,
2, if n is even.
(23)
According to Eq.(18), the bounds are not obtained in Eq.(23), thus
1 < ρ < 2. (24)
By Eq.(24), and recalling Remark 2, we assert that C0 is asymptotically near-
optimal and K ≥ 2M .
Remark 3 In [20], with the increase of x about q = 2n−x for all possible n
of the (q, q−12 ,
q−3
4 ) singer difference set in proposed C
1, the value of ρ has
a gradual increasing trend, i.e., the optimal property of the proposed QCSS
would gradually disappear. The numerical analysis is shown in Table 1.
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Remark 4 In this paper, with the increase of x about f = 2n−x for all possible
n of (4f, 2f−1, f−2, f−1)-ADS in proposed C0, if n is even, the proposed C0
is always near-optimal; otherwise the value of ρ tends to 1, i.e., the proposed
C0 can be asymptotically optimal from near-optimal. Both C0s have K >
2x−1M, (x ≥ 2). The numerical analysis is shown in Tables 2 and 3.
Table 1: For the Singer Difference Set
q K M K/M ρ
2n − 1 2n 2n−1 − 1 ≥ 2 1.000
2n−1 − 1 2n 2n−2 − 1 ≥ 22 1.155
2n−2 − 1 2n 2n−3 − 1 ≥ 23 1.512
2n−3 − 1 2n 2n−4 − 1 ≥ 24 2.066
2n−4 − 1 2n 2n−5 − 1 ≥ 25 2.874
Table 2: For Even n in ADS
f K M K/M ρ
2n−2 − 1 2n 2n−1 − 3 ≥ 2 2.000
2n−3 − 1 2n 2n−2 − 3 ≥ 22 1.633
2n−4 − 1 2n 2n−3 − 3 ≥ 23 1.512
2n−5 − 1 2n 2n−4 − 3 ≥ 24 1.461
2n−6 − 1 2n 2n−5 − 3 ≥ 25 1.437
2n−7 − 1 2n 2n−6 − 3 ≥ 26 1.425
...
...
...
...
...
2n−10 − 1 2n 2n−9 − 3 ≥ 29 1.416
...
...
...
...
...
2n−20 − 1 2n 2n−19 − 3 ≥ 219 1.414
...
...
...
...
...
2n−40 − 1 2n 2n−39 − 3 ≥ 239 1.414
Table 3: For Odd n in ADS
f K M K/M ρ
2n−2 − 1 2n 2n−1 − 3 ≥ 2 1.414
2n−3 − 1 2n 2n−2 − 3 ≥ 22 1.155
2n−4 − 1 2n 2n−3 − 3 ≥ 23 1.069
2n−5 − 1 2n 2n−4 − 3 ≥ 24 1.033
2n−6 − 1 2n 2n−5 − 3 ≥ 25 1.016
2n−7 − 1 2n 2n−6 − 3 ≥ 26 1.008
...
...
...
...
...
2n−10 − 1 2n 2n−9 − 3 ≥ 29 1.001
...
...
...
...
...
2n−20 − 1 2n 2n−19 − 3 ≥ 219 1.000
...
...
...
...
...
2n−40 − 1 2n 2n−39 − 3 ≥ 239 1.000
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Obviously, from Tables 1-3, compared with the proposed QCSS C1 on the
signer difference set, the proposed QCSS C0 on the almost difference set has
advantages in tightness and supporting more CDMA users.
4 Summary and concluding remarks
In this paper, we propose a near-optimal periodic (2n, 2n−1− 3, 2n− 1)-QCSS
C0 from the Family A and the (2n − 4, 2n−1 − 3, 2n−2 − 3, 2n−2 − 2)-ADS,
which has the following periodic tolerance
δmax = (1 + 2
n/2)
√
2n − 3,
and the asymptotic tightness factor ρ ∈ (1, 2). In this case, the near-optimal
QCSS has K > 2M , hence it can be used to support more CDMA users.
Comparing the proposed QCSS C1 on the singer difference set in [20] with
the proposed QCSS C0 on the almost difference set in this paper, with the
decrease of the number of rows of each element matrix in proposed QCSSs,
the optimal property of C1 would disappear but C0 can be asymptotically
optimal from near-optimal, and more CDMA users can be supported by C0,
i.e., K > 2x−1M, x ≥ 2.
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